We compute the influence of an applied magnetic field on the Casimir energy of a massive scalar field confined between two parallel infinite plates using Schwinger's method from source theory. The boundary conditions are those of a vanishing field through the plates. The obtained results show that a strong magnetic field inhibits the bosonic Casimir effect and that a weak magnetic field increases the effect. 1
The Casimir effect [1] can be defined as the effect of vacuum fluctuations of spatially confined relativistic quantum fields [2] . The corresponding change in the vacuum fluctuations appears as a shift in the vacuum energy and a pressure in the confining boundaries. In the original Casimir effect [1] two parallel, closely spaced, conducting plates are attracted towards each other, even being uncharged, due to the vacuum fluctuations of the quantum electromagnetic field. The force of the attraction F γ computed by Casimir [1] is a fluctuation of the separation a between the plates and is given by: F γ (a) ℓ 2 = − π 2 240a 4 = −0.013 dyn/cm 2 (a/µm) 4 (1)
where the minus sign indicates that the force is attractive and ℓ 2 is the area of each plate; the close spacement of the plates is implemented by the condition a << ℓ. This effect was experimentally confirmed in 1958 by Sparnaay [3] . However, the 100% uncertainty in the obtained measurements led him to conclude only that the experimental results were not inconsistent with Casimir theoretical result (1) . Recently a high precision experiment involving a conducting plate and a conducting sphere was performed by Lamoreaux [4] ; his result confirms the Casimir prediction )1) for a in the range from 0.5 µm to 0.6 µm, with a 0.5% degree of precision. It is also possible to measure the attraction between uncharged dieletric plates (or layers) [5, 6, 7, 8] ;the results confirm the Lifshitz [9] theory based on dispersion van der Waals forces.
The Casimir effect has been computed for fields other than the electromagnetic and boundary conditions different from the one implemented by conducting plates. The Casimir effect of the complex massive scalar field is of particular importance since it may be helpful to investigate the contribution of the effect id the behaviour of vector fields. The formula for the Casimir effect of a massive scalar particle shows that at typical laboratory values for a (about µm) the Casimir effect of a bosonic particle is too small by many orders of magnitude to be measured. The present day impossibility of direct measurement appears also for other fundamental relativistic quantum field effects which are nevertheless generally considered important and fascinating as matters of first-principles physics.
In the case of the electrically charged quantum field it is natural and important to ask how an external electromagnetic field may influence the fluctuations and, consequently, the effect. Indeed, we should expect on physical grounds the existence of such an influence and it is necessary to calculate its features and magnitudes to have a deeper understanding of the Casimir effect. Even if the conclusion is that the effect is negligible in realistic situations it is important to determine that it is so in order to make well founded analysis of experiments and models in which Casimir effect is relevant. Here we answer such a fundamental question about the influence of an external field by considering a scalar massive field confined between two large parallel plates of side ℓ and separation a, under the influence of an external uniform constant magnetic field B with direction perpendicular to the plates. The choices for the geometry and the quantum and external fields avoid technicalities in the formalism, which is kept simple in order for us to concentrate on the fundamental issue, which is the physical effect of the external field on the Casimir effect. Once such influence is understood the path is open to consider more complicated geometries and external fields as well as other quantum vacua. The confinement is described by the Dirichlet boundary condition, which demands a vanishing field on the plates. The Casimir energy is computed and the result describes the influence of the external field upon the Casimir effect. In the Casimir effect with plates the quantity usually measured is the pressure on the plates and it is given by minus the derivative of the Casimir energy per unity of area with respect to the separation a. Since the general expressions for the pressure are more complicated and the energy is a smooth function of the separation, at least in the cases under consideration, we will work mainly with the energy in order to keep the formalism as simple as possible. At any rate, the pressure can always be easily obtained from the expression for the energy.
We use here a method proposed by Schwinger in 1951 and used in 1992 to obtain the Casimir pressure [11] which is based on his source theory. Since the method has been clearly explained by Schwinger [11] and already applied to several situations [12, 13, 14] we may use it here without going into too much detail. We start with Schwinger's proper-time formula for the effective action [10] :
where s 0 is a cutoff in the proper-time s, T r means the total trace and H is the proper-time Hamiltonian, which is given by:
is the charge of the bosonic particle, A is the electromagnetic potential and m is the mass of the boson. The boundary condition gives for the component of the momentum which is perpendicular to the plates the eigenvalues nπ/a (n ∈ lN ),where by lN we denote the set of the positive integers. The other space components of the momentum are constrained into the Landau levels created by the magnetic field B. The trace in (2) is given by:
where the factor 2 is due to the fact that we have a complex field, the first sum is over the Landau levels with the corresponding multiplicity factor due to degeneracy, the second sum is over the eigenvalues stemming from the Dirichlet boundary conditions and the integral range is given by the measurement time T and by the continuum of eigenvalues ω of the operator p 0 . Following Schwinger's regularization prescription [11] we apply Poisson's, formula [15] to the second sum in order to obtain:
The sum over the Landau levels is straightforward and leads to:
Using (4) into (3), we obtain for the trace:
where
The function M plays in the bosonic case the same role played by the Langevin function in the fermionic case [16, 13] .
Substituting now eq.(6) into eq.(2) we get the effective action:
where on the r.h.s. the first term gives the (unrenormalized) effective Lagrangian:
and the second term gives the (still cutoff-dependent) Casimir energy:
which is the quantity we are interested in. The effective Lagrangian L (1) (B) is analogous to the Euler-Heisenberg Lagrangian for the fermionic case [16, 18] and was first obtained by Schwinger in 1951 [10] . Since it does not depend on a it makes no contribution to the Casimir pressure. Therefore it is of no interest for our purpose of calculating the Casimir energy and we shall postpone its analysis for now. Continuing with Schwinger's method [11] we now make the change of integration variable to σ = a 2 /is. Then, the limit in which the cutoff s 0 goes to zero can be taken and in the resulting expression from (10) the part of the Casimir energy which exists in the absence of the external magnetic field can be expressed in terms of the modified Bessel function K 2 (formula 3471.9 in [19] ). The resulting expression is:
Usually, spurious terms must be subtracted before eliminating the cutoff and the absence of any of them in the Casimir energy given by eq.(10) deserves a comment. The term corresponding to the self-energy of each plate was simply neglected. In fact it could have been left in the expression for the effective Lagrangian but should be subtracted if we want to eliminate the cutoff in eq.(9). The term corresponding to a uniform density of energy through the whole space, usually present in the fermionic case, does not appear here.
When there is no external magnetic field B the Casimir energy is given by the first term on the r.h.s. of eq.(11):
which is a result already known in current literature [2, 13] . Here we are interested in the second term on the r.h.s. of eq.(11), which measures the influence of the external magnetic field in the Casimir energy. First we consider the strong field regime, in which changes in the charged vacuum may be easier to occur. The integral in eq.(11) is dominated by the exponencial function, whose maximum is e −2amn and occurs at σ = am/n. Due to this consideration we are justified in substituting the M(ξ) fucntion by 2e −ξ − ξ −1 . In the limits where am << 1 and am >> 1, the magnetic field is given, respectively by B >> φ 0 /a 2 and B >> (φ 0 /a 2 )(a/λ c ), where φ 0 is the fundamental flux 1/e and λ c is the Compton wavelength 1/m. So, in the strong field regime, the second term in (11) can also be expressed in terms of a modified Bessel function (formula 3471,9 in ref. [19] ), and the Casimir energy can be written as:
Note that the sign in the square root was expected because, in the regime we are working in, a minus sign would mean energy creation or anihilation what cannot happen when we are dealing with a constant and uniform magnetic field. As we have eBa 2 >> am it doesn't matter the limit where am is taken in eq.(13), and due to the fast exponential decay of the modified Bessel functions K ν for large arguments (formula 8446 in ref. [19] ), eq.(13) can be written as:
In the case of the Casimir energy in the absence of the magnetic field, eq.(12), the discussion about the limits of am turns out to be relevant. For am >> 1, eq.(12) can be written as:
and in the case am << 1: 
Analyzing the weak field regime we can use the following expansion for M(ξ) in eq. (11):
ξ 3 (19) and the Casimir energy in the presence of a weak magnetic field is given by:
Taking the limits in which am >> 1 and am << 1 we have : (am << 1)
From eq.(15) and eq.(21) we obtain:
and from eq (16) 
Summarizing the results we have, in eq.(11), the exact expression for the influence of the magnetic field on the Casimir energy. Equations (13) and (20) particularize the result of eq.(11) to the regimes of strong and weak magnetic field respectively. The small and large distance approximations are given by equations (14) , for the strong field regime and (21) and(22) for the weak regime. Equations (17), (18), (23) and (24) are ready for use in estimations of magnitude. We may get a feeling of these magnitudes if we either consider the energy range so small as not to see the structure of a pion, for example, or in the range of higher energies, we consider the diquark model [20] . This model predicts the existence of bound states of quarks inside the hadrons. A diquark is an effective quasi-elementary object that can either exist in a scalar or a pseudo-vector form. The reason for doing so lies on the fact that we do not have fundamental massive scalar charged bosons in nature. At least not confirmed ones. This problem may be solved as soon as physicists find the supersymmetric scalar partners of the electron, quark and so on. But even if supersymmetric particles had already been found, they would not be of much help in order to measure the bosonic Casimir effect because of their large masses. As it is known, the pion has a classical radius with a size given by r 2 ≈ 1/m 2 π , in natural units. So, as r π ≈ 1.43f m one finds out quite straightforwardly that the only possibility is am >> 1, so a >> 1.43f m. For a scalar diquark, r s ≈ 0.35f m and both limits of am can be considered. Here we shall consider a = 0.6µm in the limit (am >> 1) as in [4] . Due to the fast exponencial decay of eq.(17) it is easy to see that the Casimir effect in the presence of a strong magnetic field is strongly supressed. On the other hand, if we consider eq.(23), we see that E(a, B) ≈ E(a, 0) for both the π ± and the diquark. Equations (18) and (24) can only be considered for the diquark and the effect is still negligible. Now let us take a look at a range of mass and separation between plates in which the complex scalar field exhibit a significant Casimir effect. For this let us consider the bosonic Casimir pressure with and without the strong external magnetic field; they are obtained from (11) and (12) and given by, respectively (see formula 8.472,3 in [19] ):
and
In figures 1 (file pre101) and 2 (file pre201) the pressures are plotted as functions of am and normalized by the electromagnetic Casimir pressure p γ = F γ /ℓ 2 as given by (1). This normalization is here a very convenient choice. The electromagnetic Casimir effect can be obtained from a complex scalar field effect in the limit that m goes to zero. In both figures the dotted lines give (25) for eBa 2 =10 and the solid lines give (26), the horizontal straight dot-dashed line gives at each point a reference value of 5% [4] of the corresponding observable electromagnetic Casimir pressure (1). In Figure 1 we see the magnetic field significantly reducing the bosonic Casimir effect for am in the range from 0.1 to 2.0. There is an interval of am, ranging from 2.70 to 3.30, on which a segment of the horizontal dot-dashed straight line is between the solid and the dotted curves. Assuming that the 5% ratio is the threshold of observability we obtain that a hypothetical bosonic particle with mass in this interval would not be detected if a strong magnetic field was present. Now let us consider the bosonic Casimir pressure with a weak external magnetic field. The expression can be obtained from (20) and is given by: In figure 3(file prefra01), p(a, B) and p(a, 0) are plotted as functions of am and normalized by the electromagnetic Casimir pressure p γ = F γ /ℓ 2 as given by (1) . In figure 3 the dotted line gives (27) for eBa 2 = 0.5 and the solid line gives (26), the horizontal straight dot-dashed line gives at each point a reference value of 5% [4] of the corresponding observable electromagnetic Casimir pressure (1). In Figure 3 we see the magnetic field significantly increasing the bosonic Casimir effect for am in the range from 1 to 1.6. As am increases, the effect vanishes and the curves coincide. We see here that a weak magnetic field enhaces the effect but does not help with the threshold of observability, which allows the detection in the range from 1 to 3.2. 
